Acoustic metamaterials with unit cells that are integrated with piezoelectric transducer circuitry exhibit interesting band gap behaviors that can be used for wave/vibration manipulation. This research reports the evaluation of uncertainty effects to a typical piezoelectric metamaterial, where uncertainties in geometry/configuration and in circuitry elements are taken into consideration. Monte Carlo-type analysis is performed to assess the band gap features under these uncertainties. In order to facilitate tractable computation in uncertainty analysis, order-reduced modeling of the electromechanically integrated system is formulated. The component mode synthesis-based order-reduced modeling increases the computational efficiency significantly while maintaining good accuracy. Results show that the band gap behavior is generally less sensitive to configuration uncertainty but can be greatly affected by circuitry parameter uncertainty. These results can be used to guide the design and synthesis of piezoelectric metamaterials, and the method developed can be applied to the uncertainty quantification of other types of metamaterials.
Introduction
Acoustic metamaterials consisting of spatially periodic microstructures, usually referred to as unit cells, have attracted significant attention in recent years for their potentially exceptional artificial features on wave propagation and/or vibration (Kushwaha et al., 1993; Liu et al., 2000; Mead, 1996; Nouh et al., 2016) . One approach to synthesizing these metamaterials is to create local resonance in each unit cell, which can generate unusual material properties such as negative effective mass density or modulus. For example, Huang et al. (2009) illustrated the negative effective mass density through an infinite mass-in-mass lattice structure, and a band gap was found around the frequency range in connection with the negative mass where wave cannot propagate. An et al. (2015) and Chen et al. (2016) further studied multi-level mass-in-mass lattices to enhance the band gap behavior. The occurrence of band gap provides new means for wave manipulation or vibration isolation.
Owing to the two-way electro-mechanical coupling, piezoelectric transducers have been widely used in sensing, control, energy harvesting, and so on (Ahmadian et al., 2001; Aladwani et al., 2015; Wang and Tang, 2009) . It has been recognized that incorporating piezoelectric transducer circuitry to host media can yield metamaterials. Typically, in these metamaterials, identical piezoelectric transducers are embedded in host media in a periodic manner. A piezoelectric transducer behaves electrically as a capacitor and, similar to mass-in-mass lattice, an inductive circuit connected to each piezoelectric transducer creates a locally resonant unit cell. This is analogous to periodic mass-stiffness unit cell in inducing band gaps. One advantage of piezoelectric circuitry-based metamaterials is that the circuitry parameters-for example, inductance and capacitance-can be online tuned, which may lead to adaptability in wave/vibration manipulation (Casadei et al., 2012; Xu and Tang, 2017; Zhou et al., 2015) . A number of theoretical studies have been performed on infinite-sized piezoelectric metamaterials to assess the wave propagation characteristics. With the infinite condition and perfect periodicity assumption, usually only one unit cell is required in such analysis. Chen et al. (2012) studied the attenuation feature of rods integrated with an infinite periodic array of shunted piezoelectric transducers, and band gaps were analyzed through the transfer matrix method coupled with the Bloch theorem. Casadei et al. (2009) and Spadoni et al. (2009) investigated the attenuation band of periodic piezoelectric circuitry arrays on two-dimensional (2D) plate structures. In their studies, the unit cell was modeled through finite discretization, while periodic conditions were applied to the cell boundary to evaluate the dispersion relations. Yan et al. (2017) explored the usage of interconnected nonlinear circuitry networks to improve the vibration suppression performance.
In practical situations, a metamaterial can only exist with finite size, containing a finite number of unit cells. Both numerical and experimental investigations on finite-sized metamaterials have been conducted on beam and plate structures (Beck et al., 2011; Chen et al., 2012 Chen et al., , 2013 Lossouarn et al., 2015; Sugino et al., 2017a; Wang and Chen, 2015) , confirming band gap existences as well as the associated wave/vibration characteristics. Nevertheless, there are very few direct and quantitative correlations of numerical and experimental results. Understandably, while in numerical simulations one may apply perfect periodicity condition, and experiments and implementations of metamaterials are subject to imperfections including material property distribution and fabrication/assemblage tolerance. There is a recent trend of designing unit cells with complicated geometries (Qian and Sigmund, 2011 ) that can be fabricated through emerging additive manufacturing technology. Obviously, in those metamaterials, the dynamic characteristics hinge upon the fabrication accuracy. This actually gives rise to a fundamental question: how would uncertainties affect the band gap behavior in a metamaterial? It is worth mentioning that in certain types of spatially periodic structures such as turbomachinery bladed disks, it has been recognized that under weak substructure-to-substructure coupling, even very small uncertainties can induce drastic change of vibrational behavior with respect to the nominal one, a phenomenon known as vibration localization (Chen and Shen, 2015; Yoo et al., 2017) . Recent studies on mechanical metastructure with locally resonant microstructure have indicated that non-uniform spatial distribution of resonators may indeed influence the band gap performance (Sugino et al., 2017b) .
The objective of this research is to develop a systematic method that can effectively evaluate the effects of uncertainties to the band gap behavior of metamaterials. Without loss of generality, we use a finite-length beam-type piezoelectric metamaterial, that is, a beam embedded with piezoelectric inductive shunts (which yield a finite number of unit cells) to facilitate the uncertainty propagation analysis. Two types of commonly occurring uncertainties are analyzed, that is, configuration/geometry uncertainty between the host beam and the piezoelectric transducers and uncertainty in circuitry parameters, for example, piezoelectric capacitance. Finite element discretization is employed to analyze the system dynamics. In order to characterize the geometry accurately at the unit-cell level, dense meshes are needed, leading to a large number of degrees of freedom (DOFs). Moreover, as Monte Carlo sampling is required to reveal the effects of uncertainties, a large number of models under different uncertain parametric values need to be analyzed. These result in a significant challenge in computational cost. In the past, orderreduced modeling has been practiced in analyzing largescale electro-mechanical system involving piezoelectric circuitry (Deu et al., 2014) . In this research, we adopt a component mode synthesis (CMS)-based approach (Pan et al., 2017; Papadimitriou and Papadioti, 2013; Tran, 2009 ) that is specifically tailored to facilitate the uncertainty propagation analysis from the unit cells to the piezoelectric metamaterial. In this method, the fixed-interface Craig-Bampton-type CMS is used to develop order-reduced model of unit cell. Uncertainties are introduced during this modeling process, and orderreduced, global model with uncertainties is obtained by assembling together order-reduced representations of unit cells. Finally, Monte Carlo simulation is conducted in the uncertain parametric space to assess the variations of the band gap behavior of the piezoelectric metamaterial.
The rest of the article is organized as follows. Section ''Finite element modeling of unit cell and order-reduced modeling'' presents the finite model of the piezoelectric circuitry-based metamaterial and the formulation of the CMS order-reduced modeling. Section ''Order-reduced global analysis and inclusion of uncertainties'' details the inclusion of uncertainties into the order-reduced model. In section ''Case studies,'' the order-reduced analysis is validated first, followed by comprehensive case investigations to elucidate the uncertainty effects in the piezoelectric metamaterial. Concluding remarks are given in section ''Conclusion. '' Finite element modeling of unit cell and order-reduced modeling
In this research, we analyze the effects of uncertainties to the band gap behavior of beam-type piezoelectric metamaterial with circuitry integration. As shown in Figure 1 , the nominal beam without uncertainties is divided into identical segments, and each segment is embedded with two piezoelectric transducers to its top and bottom surfaces (in order to maintain symmetry with respect to the beam neutral surface). These two piezoelectric transducers are connected to an inductance element in a parallel manner, which yields a locally resonant circuit. The beam segment, the piezoelectric transducers, and the inductive circuit form an electro-mechanical unit cell, as shown in Figure 2 . This beam-type piezoelectric metamaterial contains a finite number of unit cells. The gap between two adjacent piezoelectric transducers is introduced to facilitate the inclusion of configuration uncertainty to be investigated. In this section, we first outline the finite model of a representative unit cell and then develop an orderreduced model of the entire piezoelectric metamaterial with a finite number of unit cells.
Finite element model of unit cell
The physical configuration of a typical unit cell is shown in Figure 2( 
where D and E represent, respectively, the electrical displacement (charge/area) and the electrical field (voltage/length along the transverse direction), and D p , h = ½h 31 , h 31 , 0 T , and b 33 are the elastic matrix, the piezoelectric coupling vector, and the dielectric constant of the piezoelectric material, respectively. In this analysis, we assume perfect bonding between the transducers and the host beam and also assume that the electrical displacement is uniformly distributed across the respective transducer due to the low-frequency nature of the responses involved in our analysis (Neubauer et al., 2006; Thomas et al., 2012; Wang and Tang, 2009 ). The charge flow in the circuit is related to the electrical displacement as Q = (w p l p )D.
We utilize the extended Hamilton's principle
where T is the kinetic energy, U is the potential energy, and W is the virtual work. Let us consider the variation of the potential energy, dU , as example. Based on equations (1) and (2), we have
where O b and O p indicate, respectively, the integration domain corresponding to the host beam segment and that corresponding to the piezoelectric transducers. Without loss of generality, here we mesh the unit cell by using the quadrilateral plate elements (Figure 3(a) ). The displacement at an arbitrary location can be interpolated with the shape function matrix N where q m represents the discretized nodal displacement vector. As shown in Figure 3 (a), the inner rectangle is a laminate with the host beam segment sandwiched between the two piezoelectric transducers, and the outer ring is the remaining part of the host beam segment. We employ the Mindlin plate theory (Bathe and Dvorkin, 1985) and define two strain-displacement matrices B b and B s as 
where n d is the total number of nodal points in the unit cell, and
Substituting equations (1), (2), (6), and (7) into equation (4), we can obtain the following expression
Piezoelectric transducers are those in which the mechanical properties and electrical properties are coupled. The material properties involve elasticity, electro-mechanical coupling, and permittivity. Electrically, a piezoelectric transducer behaves as a capacitor where the capacitance stems from the permittivity. In equation (8), the first term at the right-hand side corresponds to the potential energy effect in the mechanical domain, the last term corresponds to the piezoelectric capacitance effect, while the second and the third terms corresponds to the electro-mechanical coupling Specifically, we can derive
where E, n, and G denote the local Young's modulus, Poisson's ratio, and the shear modulus. For the laminate part, the effective Young's modulus E e can be obtained as (Reddy, 1987 )
where E b is Young's moduli of the host beam, and E p is Young's modulus of the piezoelectric transducer (in bending motion), respectively. The electro-mechanical coupling term can be derived as
k 22 in equation (8) is the reciprocal of the piezoelectric capacitance, that is
Equations (9), (11), and (12) give the generalized stiffness matrices at the unit cell level. The mass matrix M m can be derived in a similar fashion from the variation of the kinetic energy, dT . dW in equation (3) normally includes the virtual work done by the external excitation, damping effect, and the inductive load due to shunt circuit. Assuming free vibration without damping at this stage, we can obtain the governing equations of a unit cell with inductive circuit connected in parallel as
Here, since the piezoelectric transducers on the top and bottom of the host beam segment are identical, the charges on these transducers are equal, that is, Q 1 = Q 2 = Q. Thus, we can further rewrite equations (13a) and (13b) into the following symmetric matrix form
Order-reduced modeling of unit cell
The free vibration of a unit cell with full-scale finite meshing is described by equation (14). As this research focuses on the uncertainty effect, the perfect periodic assumption is broken and thus any identical unit cellbased analysis can no longer be used. A global analysis of the finite-sized beam containing a number of slightly different unit cells (with uncertainties) has to be conducted. For a unit cell, the number of nodal points and the number of DOFs in the full-scale finite model will be large when local topology/geometry is complex. A global analysis of the piezoelectric metamaterial containing many unit cells is usually subjected to a very large number of DOFs. Moreover, in order to assess systematically the uncertainty effects, Monte Carlotype sampling is necessary. This will lead to very high computational cost as the global analysis has to be executed repeatedly with uncertain parameters sampled from a large parametric space. In large-scale dynamic analysis, order reduction is commonly adopted. Here, we outline a CMS-type approach that will be used throughout this research. The fundamental idea of CMS is that, instead of analyzing a large structure as a whole, we decompose the global structure into a number of components and performs modal analyses of all the components. In this particular research, it is natural to treat each unit cell as a component. After modal analyses at the unit cell level, each unit cell is then represented by the lowest-order modes which, when combined with the interface compatibility conditions between the unit cells, yield a reduced-order model of the global piezoelectric metamaterial. The nodal displacement vector q m of a unit cell is partitioned into three subsets as shown in Figure 3 (a), the left subset q L , the internal subset q I , and the right subset q R , that is
We define a boundary displacement vector q J which also includes the electrical charge in the circuit as its component
The free vibration equation of the unit cell is then rewritten as
While there are many CMS variants, here without loss of generality, we adopt the fixed-interface formulation that falls into the Craig-Bampton method category (Craig and Kurdila, 2006) . For a unit cell, we first solve for the fixed-boundary eigenvalue problem associated with the matrix pair (M ii , K ii ). Usually, only a small number of the lowest-order modes are kept to facilitate order reduction, which is sufficient to characterize the dynamics of unit cell. LetF be the kept modal vector matrix satisfying the mass-normalization conditioñ
where v 1 , v 2 , . . . , v k are the first k kept modal frequencies and I k is the k 3 k identity matrix. We then define an order-reduced coordinate transformation
In equation (19), F = ½F T , 0 T is the kept fixedinterface normal modes which are used to describe displacements relative to the fixed component boundaries, j is the corresponding, k-dimensional generalized modal coordinate vector, and C is the matrix of the constraint modes which reflect the effects of the boundary coordinates which can be solved as (Pan et al., 2017 )
After performing the coordinate transformation shown as equation (19), we obtain the order-reduced free vibration equation of the unit cell
Comparing equation (21) with equation (17) or equation (14), we can observe the reduction in the number of DOFs. Although every interface DOFs are retained in equation (21), the number of internal DOFs is reduced from that of the original model to k. The unit cell after order reduction can be represented by an abstract cell as shown in Figure 3(b) , where the left and right nodes '''' denote the original left and right boundary nodes, and an abstract node '' '' in the middle contains the DOFs of kept modes j and the electrical charge Q. In practical situations, k is usually a very small number (e.g. less than 100) even though the number of internal DOFs of the original unit cell may be very high. This will lead to significant reduction in the total number of DOFs in the global piezoelectric metamaterial presented in the following section.
Order-reduced global analysis and inclusion of uncertainties
Section ''Finite element modeling of unit cell and orderreduced modeling'' presents the full-scale finite modeling of a unit cell and its order-reduction formulation. When uncertainties are present in a finite-sized piezoelectric metamaterial, a global analysis becomes necessary since all the unit cells become different. In this section, we first develop the order-reduced model of the global structure and then insert the uncertainties into the global model.
Let the total number of unit cells be n. To facilitate the global assemblage of the order-reduced models of unit cells, for the ath (a = 1, . . . , n) unit cell, we rewrite equation (21) into the following form
where the interface DOFs q J are explicitly partitioned into the left boundary coordinates q L , the right boundary coordinates q R , and the electrical charge Q. The coefficient matrices hereafter are all symmetric. Let the total number of interface DOFs of a unit cell be J. The total number of DOFs involved for an order-reduced unit cell ism = J + k + 1. As the neighboring unit cells in this beam-type piezoelectric metamaterial share the common boundary nodes, the interface compatibility conditions yields q R aÀ1 = q L a . The stiffness and mass matrices of the global system can be assembled through direct summation as
where the order-reduced generalized coordinate vector, the order-reduced mass and stiffness matrices are, respectively 
The advantage of CMS order reduction can be explained here. The most computationally costly step in structural dynamic analysis is solving the associated eigenvalue problem. In this regard, solving a number of smaller size eigenvalue problems (for all components or unit cells) collectively costs much less than solving the eigenvalue problem of the original global system as a whole. Here, we have n unit cells each having m DOFs. Solving the eigenvalue problem of the global structure with full-scale finite mesh as a whole yields the computational complexity of O( (nm) 3 ). In the CMS procedure outlined in this research, we first analyze n unit cells individually and solve their respective m-dimensional eigenvalue problems, and the total computational complexity is O(n 3 m 3 ) which is much less than O((nm) 3 ). It is worth mentioning that while the computational complexity of solving the eigenvalue problem of the order-reduced global system is O ((nm) 3 ), the cost for this step, as compared with other steps, is negligible sincem\\m. As a result, significant reduction in computational cost can be achieved by using the CMS approach.
The order-reduced global system described by equation (23) may be subjected to uncertainties. The computational cost reduction becomes even more significant when Monte Carlo-type sampling is conducted on global models with uncertainties. In this research, two types of uncertainties, that is, the configuration uncertainty and the circuitry parameter uncertainty are modeled as follows.
Configuration uncertainty
Configuration uncertainty refers to that introduced during the instrumentation process when the piezoelectric transducers are attached to the host beam. The piezoelectric transducers in each unit cell generally are not ideally attached at the exact design locations but with a small positioning error. Three parameters, dx, dy, and du, are employed here to describe the configuration uncertainty. They represent respectively the translational offsets of the geometrical center of the transducer in the x-direction and y-direction and the rotational offset around the z-direction. As quadrilateral plate elements are used to discretize the metamaterial as laminate, both the top and bottom transducers in the same unit cell are subjected to the same configuration uncertainty. Following the same order-reduction procedure, full 3-dimensional (3D) uncertainty involving different top and bottom transducers' configurations will be analyzed in the future. Figure 4 illustrates a representative unit cell with revised meshes under the configuration uncertainty.
When evaluating configuration uncertainty effect, we first generate the sample of uncertain parameter set, dx, dy, and du. Using these parameters, we carry out mesh revision at the unit cell level with respect to the nominal finite model. The order-reduction approach outlined in section ''Order-reduced modeling of unit cell'' is then used on this specific unit cell with uncertainties. We repeat this sampling and analysis process for all the unit cells in the beam-type global piezoelectric metamaterial. Finally, we assemble together the order-reduced models of the unit cells (as shown in equation (23)) to synthesize the global order-reduced model. As the mesh revision process only changes the inner part of unit cell but does not affect left or right boundary nodes of the beam segments, the matrix assembling process can be performed directly as usual. Figure 5 (a) shows the flowchart for configuration uncertainty analysis. Essentially, Monte Carlo-type sampling analysis will be conducted to assess the uncertainty effects.
Circuitry parameter uncertainty
A variety of factors may cause uncertainties in circuitry parameters involved in this analysis, that is, the inductance and the piezoelectric capacitance. These uncertainties will affect the local resonant frequency in each unit cell. Indeed, it is well known that piezoelectric capacitance is temperature dependant (Marzani and Salamone, 2012) . Observing equation (12), we can see that it can also be easily affected by small geometrical uncertainties in the transducer dimensions. Meanwhile, a synthetic inductor is commonly used to produce large inductance for low-frequency local resonance (Chen et al., 2013) . While an Antoniou's circuit constitutes a solution to achieve large inductance (Antoniou, 1969) , the amplifiers, resistors, and capacitors in this circuit may also introduce uncertainties.
In this scenario, we only consider circuitry uncertainty and assume no configuration uncertainty. All the unit cells thus have the same meshes. Recall equation (21). We actually have
Since the circuitry parameters, for example, k 22 and L, are only one-diagonal elements in K jj and M jj , we can directly introduce the related uncertainties into the coefficient matrices of the order-reduced model (i.e. one-diagonal element in K jj and M jj in equation (21) or K QQ and M QQ in equation (22)). The uncertainties from the top and bottom transducers in terms of their capacitances can be naturally lumped together into one parameter due to the connection of the transducers. Let us use the reciprocal of capacitance, k 22 , as an example. Let the uncertainty be characterized by h which is its relative error with respect to the nominal value. The reciprocal of capacitance in each unit cell can be expressed aŝ The component K QQ related to the electrical charge in equation (22), which is derived from the orderreduction process of unit cell without uncertainty, can thus be directly revised aŝ
Therefore, in circuitry parameter uncertainty analysis, the order-reduction step only needs to be performed once to the nominal unit cell without uncertainty which yields the nominal order-reduced matrices. The coefficient matrices of order-reduced unit cell with uncertainty can be directly derived by revising one-diagonal element, as illustrated in equation (27) . We can then finally assemble all the revised, order-reduced unit cell models together to generate the order-reduced, global system equation with circuitry parameter uncertainty. Figure 5 (b) shows the flowchart for circuitry parameter uncertainty analysis. This procedure takes the full advantage of the CMS approach, as the order-reduction computation only needs to be conducted once, which greatly improves the computational efficiency.
Case studies
In this section, we first validate the order-reduced modeling and then perform detailed case analysis to elucidate the uncertainty effects to the beam-type piezoelectric metamaterial.
Nominal model definition and approach validation
Here, a beam-type piezoelectric metamaterial with 16 unit cells is investigated. The geometrical parameters and material properties of the host beam and the piezoelectric transducers are given in Table 1 . Without loss of generality, the inductance value is selected such that the local resonant frequency of the unit cell is 500 Hz. As mentioned, quadrilateral plate elements are used. Compared with 1-dimensional (1D) model of beamtype piezoelectric metamaterial (Erturk and Inman, 2009; Sugino et al., 2017a ), the 2D model can effectively characterize uncertainty effects in configuration sufficiently and is suitable to dealing with complex designs. The details of the full-scale finite model and the corresponding order-reduced model are shown in Figure 6 . A total of 20 modes are kept for each unit cell during order reduction, and the comparison on the numbers of nodes and DOFs between the full-scale model and the order-reduced model is shown in Table 2 .
Indeed, the reason we choose to keep 20 modes for each unit cell is that after convergence study, we conclude that the corresponding order-reduced model can yield satisfying accuracy. Specifically, in order to validate the order-reduced model, both the full-scale model and the order-reduced model are used to compute the dispersion relation of the piezoelectric metamaterial without uncertainties. In this analysis, applying the Bloch-Floquet periodic boundary condition (Spadoni et al., 2009) , we can analyze the dispersion relation between the phase difference and its corresponding frequency. It is worth mentioning that one reason we choose to employ the fixed-interface CMS in order reduction is that the order-reduced model contains explicitly the interface DOFs (i.e. the left and right boundary DOFs of a unit cell), which results in convenience in this analysis. According to the Bloch-Floquet theorem, with a chosen phase difference k x 2 ½0, 2p, displacements at the left side q L and right side q R satisfy a compatibility condition following a periodic relation (Xiang and Shi, 2009) 
This condition can be treated as displacement constraint and can be achieved by a coordinate transform
For the full-scale model of the unit cell described by equation (17), we have q IQ = ½q T I , Q T . For the orderreduced model described by equation (22), we have q IQ = ½j T , Q T . After applying the coordinate transform to equation (17) or (22), we can solve the respective eigenvalue problems to obtain the frequencies corresponding to the chosen phase difference k x . This yields the dispersion relation. By repeating this process with different phase difference, the dispersion curve can be obtained.
The results of dispersion curve for the unit cell are shown in Figure 7 . Clearly, a band gap between 505.8 and 510.3 Hz can be observed. Furthermore, the 
Band gap definition for finite-sized metamaterial
The band gap shown in Figure 7 is obtained based on the Bloch-Floquet periodic boundary condition applied to the infinite-sized piezoelectric metamaterial. Practical systems all have finite size. Alternatively, band gap can be observed in finite-sized piezoelectric metamaterial by analyzing the transmissibility between the left end and the right end of the beam-type metamaterial (Chen et al., 2012) . In the corresponding numerical analysis, we apply a unit, z-direction harmonic force excitation to the middle node of the piezoelectric metamaterial at the left end and calculate the zdirection response at the middle node of the piezoelectric metamaterial at the right end. As the excitation frequency is swept, the frequency response function (FRF) will show the usual structural resonances as well as the band gap in which the transmissibility is close to zero. Plotted in Figure 8 is the FRF (response at the right end, u r , normalized with respect to that at the left end, u l ) of the piezoelectric metamaterial with 16 unit cells without uncertainties, which is defined as
As can be seen, there is indeed a frequency range in which the transmissibility is extremely low. This frequency range matches quite well with the one obtained in section ''Nominal model definition and approach validation.'' Both full-scale finite analysis of the global piezoelectric metamaterial and the order-reduced analysis are conducted and the results are compared in Figure 8 . Once again, the order-reduced model yields accurate result. Care should be taken when analyzing the band gap behavior in finite-sized piezoelectric metamaterial. As mentioned, due to the finite size, the transmissibility, albeit being very low in the nominal band gap frequency range, is not mathematically zero. To facilitate uniform comparison hereafter for all scenarios including those with uncertainties and with different number of unit cells, in this research, we introduce the following phenomenological definition of band gap for finitesized metamaterial in terms of the transmissibility. Three parameters, G, v c , and l, extracted from the FRF calculated, are employed here, which denote an attenuation threshold designated, band gap center frequency, and band gap width, respectively. Specifically, a band gap marked as GAP(G, v c , l) means that there is a frequency range ½v c À l=2, v c + l=2 in which the transmissibility values T (v) are all smaller than G(dB). G(dB) is a (very low) threshold value that we pick. If the transmissibility values over a certain frequency range are all below G(dB), the corresponding frequency range is recognized as the band gap frequency range. For example, if we pick 220 dB as the threshold value under which T (v) belongs to a band gap, a band gap with l 0 = 4:38 Hz width is observed from 505.67 to 510.05 Hz in Figure 8 . Here, the subscript ''0'' indicates the case without uncertainties. This result is consistent with the band gap derived from the dispersion curve in Figure 7 .
Uncertainty analysis results and discussions
We now proceed to the analysis of the beam-type piezoelectric metamaterial with uncertainties. To evaluate the uncertainty effects to the band gap behavior, Monte Carlo-type sampling is applied to the orderreduced global system in the uncertain parametric space. Consequently, a group of FRF responses under uncertainties is obtained. To quantify the band gap behavior in the statistical sense, we can compute the mean FRF values over the interested frequency range (or, equivalently, the mean FRF curve) and corresponding the variances, that is
where N indicates the size of Monte Carlo sample, and T i (v) denotes the FRF under each uncertainty sampling. Subsequently, the 95% confidence interval of the FRF under uncertainties can be obtained as
The mean FRF and the 95% confident interval can yield clear observation on the band gap and attenuation behaviors under uncertainties. For example, Figure 9 (a) shows the result under configuration uncertainty, where both the mean FRF and the 95% confidence interval are plotted. The 95% confidence interval indicates that there is 95% probability that an FRF under the configuration uncertainty specified will fall within the interval bounds.
In practical situations, the specific frequency range of the band gap is usually determined a priori to yield desired transmissibility attenuation to facilitate, for example, vibration suppression/isolation. This is realized by choosing properly the inductance values in the piezoelectric metamaterial. Furthermore, the width of the band gap depends primarily on the electromechanical coupling of the piezoelectric transducer employed in unit cell (Xu et al., 2016) . The presence of uncertainties will affect the band gap behaviors by changing the transmissibility value at each frequency point. In order to assess the transmissibility attenuation collectively, here we define the probability of band gap GAP (G, v, l) in the following manner. We first specify the desired band gap features by picking the transmissibility threshold G and the band gap width l. Then, for each FRF obtained under uncertainty sampling, we calculate
Physically, d i (v) will indicate whether v is indeed the center frequency of the desired band gap in the ith sample. We then calculate the occurrence frequency of d(v)
which represents approximately the probability of the existence of the desired band gap with center frequency at v. In other words, using P(v) we can assess the probability of band gap occurrence with center frequency v, width l, and transmissibility threshold G. This definition enables us to evaluate band gap behavior with uncertainties from the probabilistic viewpoint. Two types of uncertainties are discussed in detail as follows. In all the analyses, we take G = À 20 dB as the attenuation threshold value unless otherwise noted.
Configuration uncertainty. Here, we let dx, dy, and du be random variables with uniform distributions. The sample size for Monte Carlo analysis is N = 1000. The relatively large gap between two adjacent transducers in this case allows the possible analysis of large configuration uncertainty. The uncertainty bounds are specified as dx;U ( À 0:001m, 0:001m), dy;U ( À 0:001m, 0:001m), and du;U ( À p=36rad, p=36rad).
The results obtained based on the order-reduced analysis are plotted in Figure 9 (a), including the mean FRF curve and the 95% confident interval. The width/ length of a piezoelectric transducer and a beam segment are, respectively, 21 and 25.83 mm, and the distance between the edges of the neighboring piezoelectric transducers is 4.83 mm. Therefore, the configuration uncertainty level assumed (maximum 1 mm in the xand y-directions) is quite large (20% with respect to the distance between neighboring piezoelectric transducers, and approximately 4% with respect to the piezoelectric transducer size). Nevertheless, Figure 9 (a) shows that the FRF results obtained are only slightly affected, as the mean FRF remains to be virtually the same as the nominal one, while the 95% confidence interval is very narrow. Figure 9 (b) further shows the probability of band gap existence (defined in equation (34)) with desired band gap width l = 95% l 0 (where l 0 is the band gap width of the nominal system without uncertainty). A very narrow peak with its peak value equal to 1.0 can be observed, which illustrates that the band gap remains at the original location, as probability of its existence at other frequency location is equal or very close to zero, and the system has near 100% probability of band gap existence under the given uncertainty condition. The results indicate that the band gap behavior in this beam-type piezoelectric metamaterial is insensitive to the configuration uncertainty.
Circuitry parameter uncertainty. Several factors can result in uncertainties in circuitry parameters such as the inductance and the piezoelectric capacitance which ultimately influence the local circuitry resonant frequency. Without loss of generality, in this research, we focus on the capacitance uncertainty. Recall equation (26). We let the uncertainty (i.e. the relative error with respect to the nominal value) of the reciprocal of the piezoelectric capacitance, h, be subjected to uniform distribution U (Àg, g), in which g specifies the uncertainty level.
Three cases with g = 0:2%, 0:5%, and 1:0% are analyzed, each with 1000 samples. The results of the mean FRF curves and the corresponding 95% confident intervals are plotted in Figure 10 (a), (c), and (e), respectively. In general, with the increase of the circuitry uncertainty level, the frequency range of which the transmissibility is likely lower than 220 dB is widened. This indicates that the single-frequency point attenuation may happen in a wider range rather than the range of band gap without uncertainty. Meanwhile, as the circuitry uncertainty level increases, the 95% confident interval of FRF is also widened and, in a much larger frequency region, the upper boundary has value greater than 220 dB (the attenuation threshold). This indicates that there is larger probability that the disappearance of attenuation under 220 dB may occur at singlefrequency point within the original band gap range, leading to the disappearance of band gap.
Here, we take a further look at the band gap behavior under uncertainties. Single-frequency point attenuation will not reflect the behavior of band gap, as a band gap requires a continuous attenuation within certain width of frequency. The width behavior of band gap under uncertainty is much more important. We consider both the width and the location of band gap, and calculate the probabilities P(v) of band gap GAP(G, v, l) with different band width criteria, that is, l = 95% l 0 , l = 75% l 0 , and l = 50% l 0 . Here, we choose l to be smaller than l 0 , as we envision that the band gap width may be narrowed under uncertainty. In Figure 10 (b), (d), and (f), we plot the probabilities with the aforementioned l values under different uncertainty levels. The region of the center frequency location where band gap may appear (P(v).0) is widened as uncertainty increases, which indicates the band gap location may shift to either side of the original band gap. However, the probability of band gap occurrence drops gradually. For example, if we take the band gap without uncertainty as the desired one, the probability of maintaining 95% of the original width under 1% uncertainty level is below 0.2, which means that there is more than 80% chance that the desired band gap will not appear. Therefore, the band gap behaviors are sensitive to this circuitry parameter uncertainty. The small variations of local electric resonance frequencies in each unit cell strongly influence the metamaterial performance.
The peak value of probabilities can be regarded as the performance index of this beam-type piezoelectric metamaterial under given attenuation and band gap width criteria. We repeat the related analyses under a series of uncertainty levels, and obtain the relation of the probability peak value versus uncertainty level as shown in Figure 11 . As can be observed, if we aim at maintaining the performance of metamaterial at a reasonably high level (e.g. 90%), the circuitry parameters must be accurately tuned. For example, if we want to have 90% probability of appearance of band gap with 75% of the original width, the tolerance of the circuitry parameter (i.e. capacitance) must be controlled within 0.6%. Alternatively, once the accuracy of a circuitry element is determined, the performance index mentioned above can be quantified under given attenuation and band gap width criteria. These results can be used as guidance in fabrication and manufacturing.
Further discussion for beam with more unit cells. For a finitesized piezoelectric metamaterial, the number of cells play an important role in transmissibility attenuation. Figure 12 shows several FRFs corresponding to different number of unit cells (i.e. 8, 16, 32, 48, 64) without uncertainty. As the number of unit cells increases, the location and the width of the band gap will converge to those under the infinite array assumption which can be computed based on unit-cell with periodic boundary conditions. It also indicates that, when the number of cell is small, for example, eight unit cells, band gap does not appear. Since the case with 16 unit cells has a clearly observable band gap, we use that case as the main case in the uncertainty effect illustration. Generally from Figure 12 , more unit cells lead to lower transmissibility between the two ends within the band gap frequency range.
As the preceding sub-section reveals that the beamtype piezoelectric metamaterial is sensitive to circuitry parameter uncertainty, here we further investigate how the performance would be affected when the number of unit cells increases. Figure 13(a) to (d) shows the mean FRFs and their 95% confident intervals under 2.0% uncertainty level of beams with 16, 32, 48, and 64 unit cells, respectively. If we still take 220 dB as the attenuation threshold, frequency ranges with the mean FRF and upper confidence interval below the threshold are widened as the number of unit cells increases. However, if we take a stricter threshold, for example, 280 dB, the mean FRFs corresponding to 16 and 32 cells cannot satisfy the threshold, and those corresponding to 48 and 64 cells have much smaller width below 280 dB than that of the original band gap. Therefore, the evaluation of band gap performance depends on how to pick the transmissibility threshold. Figure 14 (a) gives a typical FRF result of the piezoelectric metamaterial with 64 cells under 2.0% circuitry parameter uncertainty level. If 220 dB is taken as the transmissibility threshold, the performance can be considered as being increased since the band gap width is much larger. However with 280 dB threshold, we can observe several response peaks in the frequency range corresponding to the original band gap, leading to the disappearance of continuous band gap. Figure 13 (e) and (f) shows the probability to maintaining 95% original band gap width under different numbers of cells with 220 and 280 dB thresholds, respectively. If a weak threshold is chosen (e.g. 220 dB), the probability remains high (close to 100%) when the number of unit cells is large, which indicates that structure with more unit cells has stronger ability to resist the influence of uncertainty and can still maintain good band gap performance while uncertainty level is not large. If a strong transmissibility threshold is chosen, the probability remains low when uncertainty is present even if the number of unit cells increases. Consider the beam with 64 unit cells as an example. Figure 14(b) gives the trend of probability peak value of band gap existence corresponding to the circuitry parameter uncertainty level with different threshold values. A 100% probability of band gap appearance at low uncertainty level can be obtained for weak transmissibility threshold while the performance degrades immediately as uncertainty appears if strong threshold is chosen. Nevertheless, in all cases, the performance index will eventually degrade as uncertainty level increases. In other words, the circuitry parameter uncertainty influences the band gap behavior considerably. 
Conclusion
This article presents a systematic methodology of evaluating the uncertainty effects to the band gap behavior of beam-type piezoelectric metamaterial. As the presence of uncertainties destroys the perfect periodicity, global analysis of the piezoelectric metamaterial with unit cells that are different to each other is needed. An order-reduced analysis based on the CMS approach is formulated to facilitate efficient and accurate computation. Monte Carlo sampling is then carried out on two types of uncertainties, that is, the configuration uncertainty and the circuitry parameter uncertainty. The analysis results reveal that, under the given parametric combinations, while the band gap behavior is insensitive to the configuration uncertainty, it is indeed sensitive to circuitry parameter uncertainty. The actual band gap behavior in a finite-sized piezoelectric metamaterial is dependent upon both the electro-mechanical coupling between the transducer and the host substrate and the number of unit cells which is another factor to be considered in synthesizing piezoelectric metamaterial in a robust manner. Utilizing the finite element-based order-reduced modeling developed in this research, future investigations may focus on the interplay of uncertainty parameters under various levels of electromechanical coupling. 
